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ON THE IMAGE OF COMPLEX CONJUGATION IN CERTAIN
GALOIS REPRESENTATIONS
ANA CARAIANI AND BAO V. LE HUNG
Abstract. We compute the image of any choice of complex conjugation on
the Galois representations associated to regular algebraic cuspidal automorphic
representations and to torsion classes in the cohomology of locally symmetric
spaces for GLn over a totally real field F .
1. Introduction
The goal of this note is to describe the image of any choice of complex conjugation
on the Galois representations associated to regular algebraic cuspidal automorphic
representations and to (mod p) torsion classes in the cohomology of locally sym-
metric spaces for GLn over a totally real field F . Since any choice of complex
conjugation has eigenvalues ±1, the key computation is to determine how many
+1’s and how many −1’s occur; we do this by showing that their numbers differ by
at most 1. Our results are conditional on Arthur’s work [Art13].
In the case of regular algebraic cuspidal automorphic representations ofGLn(AF )
which are essentially self-dual this is known in almost all cases, due to Taylor [Tay12]
(when n is odd and under the assumption that the corresponding Galois represen-
tation is irreducible) and Taibi [Tai12] (all cases when n is odd and most cases
when n is even). We note that in the essentially self-dual case when n is odd, the
corresponding Galois representation occurs in the e´tale cohomology of a certain
Shimura variety. Taylor makes use of a geometric realization of complex conju-
gation and studies its action on the Hodge filtration of the Betti cohomology of
this Shimura variety. Taibi uses p-adic interpolation techniques (eigenvarieties) to
extend Taylor’s result to almost all essentially self-dual cases.
Recently, Harris, Lan, Taylor and Thorne used more geometric p-adic interpola-
tion techniques in [HLTT13] to construct Galois representations associated to regu-
lar algebraic cuspidal automorphic representations of GLn(AF ) which do not need
to be essentially self-dual. Later, Scholze gave a different construction in [Sch13],
still via p-adic interpolation, which also applies to torsion classes in the cohomology
of the corresponding locally symmetric space.
In this paper, we extend the result concerning the image of complex conjugation
beyond the essentially self-dual case using the very techniques which led to the
construction of the Galois representations we are interested in. We follow Scholze’s
approach rather than that of [HLTT13]. Just as the construction of Galois repre-
sentations for torsion classes in the case when F is totally real, our result makes
use of the transfer of a cusp form on Sp2n to GL2n+1 and is therefore dependent
on [Art13], which is still conditional on the stabilization of the twisted trace formula.
A.C. was partially supported by the NSF Postdoctoral Fellowship DMS-1204465.
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Let F be a totally real field and let π be a cuspidal automorphic representation
of GLn(AF ) such that π∞ is regular L-algebraic. Let S be a finite set of places of
F , which contains all the places where π is ramified, and let GF,S denote the Galois
group of the maximal extension of F unramified outside S. Then there exists a
Galois representation
σπ : GF,S → GLn(Q¯p)
which satisfies local-global compatibility at all finite places v 6∈ S. More precisely,
for every finite place v 6∈ S, the Satake parameters of πv are the same as the
eigenvalues of σπ(Frobv) (see, for example, Corollary V.4.2 of [Sch13]). We prove
the following
Theorem 1.1. Let π be a regular L-algebraic, cuspidal automorphic representation
of GLn(AF ), with associated (p-adic) Galois representation σπ. Let c ∈ Gal(F¯ /F )
be a choice of complex conjugation. Then tr(σπ)(c) = 0 if n is even and tr(σπ)(c) =
±1 if n is odd.
Remark 1.2. This result can be regarded as part of local-global compatibility at
the Archimedean primes v of F : The Langlands parameter φv :WR = C
×∪C×j →
GLn(C) of πv is expected to contain the data of the Hodge-Tate weights of σπ (via
the weights of C× ⊂ WR), while the image of complex conjugation cv should be
controlled by the conjugacy class of φv(j). Under the regularity assumption, there
are up to sign at most two choices of φv(j), corresponding exactly to the outcome
stated in Theorem 1.1. We also remark that in this setting, the Hodge-Tate part
of the compatiblity will be a consequence of [Var].
We prove the theorem by proving the same result for the Galois representations
(or more precisely, determinants) associated to systems of Hecke eigenvalues occur-
ring in the cohomology of locally symmetric spaces for GLn/F . For a sufficiently
small level K ⊂ GLn(AF,f ), define the locally symmetric space
XK := GLn(F )\ (GLn(AF,f)/K ×GLn(F ⊗Q R)/R>0K∞) ,
where K∞ ⊂ GLn(F ⊗Q R) is a maximal compact subgroup. Since π is regular L-
algebraic, π′ := π| · |(n+1)/2 is regular C-algebraic, i.e. cohomological. Therefore,
some twist of π′ by a character of order 2 occurs in Hi(XK ,Mξ,K) ⊗Z¯p C, for
some algebraic representation ξ of ResF/QGLn over C, some integer i and some
sufficiently small level K.
Let
TF,S :=
⊗
v 6∈S
Tv,Tv = Zp[GLn(Fv)//GLn(OFv )]
be the abstract Hecke algebra. The representation π′ determines a homomorphism
ψ : TF,S → Z¯p (a system of Hecke eigenvalues), which factors through some
Im(TF,S → EndZ¯p(H
i(XK ,Mξ,K))).
(A priori, π′ determines a homomorphism of the Hecke algebra into Q¯p, but local-
global compatibility at places v 6∈ S guarantees that this actually lands inside
Z¯p). Let ψ¯ : TF,S → F¯p be obtained from ψ by composing with the natural map
Z¯p → F¯p. Since π
′ occurs in Hi(XK ,Mξ,K) ⊗Z¯p Q¯p, we see by Proposition 1.2.3
of [AS86] that
Hi(XK ,Mξ,K ⊗Z¯p F¯p)[ψ¯] 6= 0.
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An argument using the Hochschild-Serre spectrial sequence (see, for example, the
proof of Theorem V.4.1 of [Sch13]) tell us that
Hi(XK , F¯p)[ψ¯] 6= 0,
where we have possibly replaced K by a smaller compact open subgroup. Thus, the
reduction mod p of the system of Hecke eigenvalues corresponding to π′ occurs in
the mod p cohomology of XK . There is also a mod p
n version of the above picture.
Theorem 1.3. Let ψ be a system of Hecke eigenvalues occurring in Hi(XK , F¯p) and
let σψ be the corresponding Galois representation. Let c ∈ Gal(F¯ /F ) be a choice of
complex conjugation. Then σπ(c) has +1 as an eigenvalue with multiplicity ⌈
n−1
2 ⌉
and −1 as an eigenvalue with multiplicity ⌊n+12 ⌋.
The Galois representation σψ is obtained by specializing an n-dimensional con-
tinuous determinant, which is extracted from a 2n + 1-dimensional determinant
which in turn interpolates the Galois representations associated to regular alge-
braic automorphic representations of G0 := Sp2n/F . This essentially shows that
1 ⊕ σψ ⊕ σˇψ is congruent to a Galois representation associated to (the transfer to
GL2n+1 of) a cuspidal automorphic representation of G0. We then compute the
characteristic polynomial of any choice of complex conjugation on the latter Galois
representation (using Taibi’s main theorem) and therefore determine the character-
istic polynomial of any complex conjugation on the former. This gives Theorem 1.3.
Adapting this for mod pn systems of Hecke eigenvalues then gives us Theorem 1.1.
Remark 1.4. Theorem 1.1 applies in particular to the essentially self-dual represen-
tations not covered by Taibi’s theorem. However, our proof does not give a new
proof of this result, as it was one of the inputs of our argument.
In practice, some technical complications arise. Theorem V.4.1 of [Sch13] guaran-
tees that there is a determinant valued in the quotient of TF,S which acts faithfully
on Hi(XK , F¯p), glued out of determinants valued in similar quotients acting on
the interior cohomology Hi! (XK , F¯p) and on the cohomology of the boundary of
the Borel-Serre compactification of XK , H
i+1(XBSK , F¯p). (We remark that, if we
were merely interested in those ψ¯ which are reductions of characteristic 0 systems
of Hecke eigenvalues corresponding to cuspidal automorphic representations, we
could use the Hochschild-Serre spectral sequence before reducing to F¯p to ensure
that the system of Hecke eigenvalues mod p occurs in interior cohomology with
trivial coefficients.)
The determinant valued in the Hecke algebra acting on Hi! (XK , F¯p) is con-
structed by showing that the interior cohomology above contributes to the cohomol-
ogy of the boundary of the Borel-Serre compactification of the locally symmetric
space for G := ResF/QG0. The torsion cohomology of the locally symmetric space
for G is then related to classical cusp forms. Only this part is directly related to
cuspidal automorphic forms on G0. We review the construction of this determinant
in Section 2.
On the other hand, the determinant valued in the Hecke algebra acting on
Hi+1(XBSK , F¯p) is glued together out of the determinant for interior cohomology and
determinants for locally symmetric spaces for GL′n with n
′ < n, whose cohomology
contributes to the boundary cohomology of the Borel-Serre compactification of XK .
This allows an induction argument. We review the geometry of the boundary of
the Borel-Serre compactification and explain the construction of the determinant
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in Section 3. In section 4, we put all of this together to compute the characteristic
polynomial of complex conjugation.
1.5. Acknowledgements. We thank Frank Calegari for several remarks leading
up to the material in Section 2 and for comments on an earlier draft of this pa-
per. We thank Toby Gee for raising the question of studying the image of complex
conjugation to one of us and for comments on an earlier draft of this paper. We
thank Sophie Morel for explaining the basics of compactifications of locally sym-
metric spaces. Part of this work was done while both of us were at the Institute for
Advanced Studies and Princeton University, and we would like to thank both insti-
tutions for their hospitality. This material is also based upon work supported by the
National Science Foundation under Grant No.0932078000 while the authors were in
residence at the Mathematical Sciences Research Institute in Berkeley, California,
during the Fall 2014 semester.
2. Determinants and completed cohomology
In this section, we recall the construction due to Scholze of determinants (and,
therefore, Galois representations) associated to systems of Hecke eigenvalues occur-
ring in the completed cohomology of Shimura varieties for symplectic groups.
Recall that G0 := ResF/QSp2n. In this section, all Shimura varieties and Hecke
algebras will be with respect toG0. ForK
p ⊂ G0(A
∞,p) a sufficiently small compact
open subgroup, let TKp be the abstract Hecke algebra over Zp at level K
p,S , where
S is the set of places where Kp is not hyperspecial. For Kp ⊂ G0(Qp) compact
open, let XKpKp be the Shimura variety for G0 of level K
pKp and let X
∗
KpKp
be
its minimal compactification. Let O be a finite extension of Zp, which we will use
as our coefficients, and let π be a uniformizer.
Let d be the dimension of XKpKp and let T˜Kp(m) be the inverse limit of the
images TKpKp(m) of TKp acting on ⊕
2d
i=0H
i
c(XKpKp ,O/π
m) as Kp becomes ar-
bitrarily small. It is an inverse limit of finite discrete rings, and hence the in-
verse limit topology makes it a compact topological ring. Let H˜ic,Kp(O/π
m) =
lim
−→Kp
Hic(XKpKp ,O/π
m) denote the completed compactly supported cohomology
with O/πm-coefficients. Let TˆKp be the profinite completion of TKp .Then T˜Kp(m)
is the image of TˆKp in EndO/πm
(
⊕2di=0(H˜
i
c,Kp(O/π
m))
)
, and the action is contin-
uous for the discrete topology on H˜ic,Kp(O/π
m). Note that if we use completed
cohomology instead we would get the same quotient of TˆKp , by Poincare´ duality.
Each TKpKp(m) is a finite ring, and hence is the product of finitely many local
rings, which are in bijection with its maximal ideals. A maximal ideal is the same
data as a homomorphism TKpKp(m)→ Fp (i.e. an F¯p-system of Hecke eigenvalues),
up to an automorphism of Fp. Each such system of eigenvalues is valued in a finite
field. If m is a maximal ideal of TKpKp(m), then ⊕
2d
i=0H
i
c(XKpKp , F¯p)m 6= 0, and
(equivalently) ⊕2di=0H
i(XKpKp , F¯p)[m] 6= 0. If H
i(XKpKp , F¯p)[m] 6= 0, we say that
the system of Hecke eigenvalues corresponding to m occurs in Hic(XKpKp , F¯p). A
non-zero cohomology class in this space is an eigenvector for TKp , with the given
system of Hecke eigenvalues, justifying the terminology. Observe that the maximal
ideals of TKpKp(m) and TKpKp(1) are naturally in bijection with each other.
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Proposition 2.1. There are finitely many systems of Hecke eigenvalues for TKpKp(1)
as Kp varies.
Proof. Define K(m) := {g ∈ G0(Zp)|g ≡ 1 (mod p
m)}. It suffices to see that every
system of Hecke eigenvalues occurring in Hi(XKpK(m+1), F¯p) also occurs in some
Hi
′
(XKpK(m), F¯p) with i
′ ≤ i, whenever m ≥ 1. For this, we use the Hochschild-
Serre spectral sequence:
Eij2 = H
i(K(m+ 1)/K(m), Hj(XKpK(m+1), F¯p))⇒ H
i+j(XKpK(m), F¯p),
which is TKp -equivariant. First, note that K(m + 1)/K(m) is an abelian p-
group, so any element of K(m + 1)/K(m) has 1 as its only eigenvalue. Sec-
ond, note that TKp [K(m + 1)/K(m)] is commutative. Therefore, every system
of TKp -eigenvalues that occurs in H
j(XKpK(m+1), F¯p) also occurs in H
0(K(m +
1)/K(m), Hj(XKpK(m+1), F¯p)).
If the eigenvector survives in the E∞ page of the Hochschild-Serre spectral se-
quence, we are done. Otherwise, a diagram chase and Proposition 1.2.2 of [AS86]
tell us that the system of Hecke eigenvalues has to occur in some Hi
′
(K(m +
1)/K(m), Hj
′
(XKpK(m+1), F¯p)) with j
′ < j. But then Lemma 2.2 and the argu-
ment above tells us it must also occur inH0(K(m+1)/K(m), Hj
′
(XKpK(m+1), F¯p)).
We then proceed as above until we possibly reach j′ = 0, in which case the system
of Hecke eigenvalues occurs in H0(XKpK(m), F¯p). 
Lemma 2.2. Every system of TKp-eigenvalues occurring in
Hi(K(m+ 1)/K(m), Hj(XKpK(m+1), F¯p))
also occurs in Hj(XKpK(m+1), F¯p).
Proof. Define
T1 := Im
(
TKp → EndF¯p
(
Hj(XKpK(m+1), F¯p)
))
and
T2 := Im
(
TKp → EndF¯p
(
Hi(K(m+ 1)/K(m), Hj(XKpK(m+1), F¯p))
))
.
Then T2 is a quotient of T1, so any system of Hecke eigenvalues occurring in
Hi(K(m+1)/K(m), Hj(XKpK(m+1), F¯p)) determines a maximal ideal of T1. Now,
it suffices to notice that, since Hj(XKpK(m+1), F¯p) is a finite-dimensional F¯p-vector
space, every maximal ideal of T1 is in the support of H
j(XKpK(m+1), F¯p). Using
Nakayama’s lemma and Proposition 1.2.2 of [AS86], we see that every maximal ideal
of T1 determines a system of Hecke eigenvalues occurring in H
j(XKpK(m+1), F¯p).

Corollary 2.3. The ring T˜Kp(m) is a product of finitely many complete profinite
local rings, each with finite residue field.
Proof. T˜Kp(m) = lim←−Kp
TKpKp(m), and by the previous proposition, the transition
maps are eventually surjective maps between products of local Artinian rings which
the same number of factors. This gives the factorization of T˜Kp(m) into a product
of projective limits of local finite rings. 
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The upshot of this corollary is that we can now work after localizing at each of
the finitely many maximal ideals of T˜Kp(m) individually. Let mi for i = 1, . . . , N
be the finitely many maximal ideals of T˜Kp(m). Let TKpKp,k,mi be the image of
TKp acting on the finite-dimensional space of cusp forms of level KpK
p and weight
m0j with 1 ≤ j ≤ k and m0 a sufficiently large integer:
TKpKp,k,mi := Im
(
TKp → EndCp
(
⊕kj=1H
0(X ∗KpKp , ω
⊗m0j
KpKp
⊗ I)mi
))
.
(Here, X ∗KpKp is the adic space associated to the complex algebraic variety X
∗
KpKp
,
based chaged from C to Cp.)
Let TclKp,mi be the maximal quotient of TˆKp over which all maps TˆKp → TKpKp,k,mi
factor. Note that TclKp,mi is the image of TˆKp inside lim←−k,Kp
TKpKp,k,mi , hence is
compact. Furthermore it is dense (because its composition with the projection to
each TKpKp,k,mi is surjective), hence T
cl
Kp,mi
= lim
←−k,Kp
TKpKp,k,mi .
Proposition 2.4. There is a continuous (2n + 1)-dimensional determinant D˜ of
GF,S with values in T
cl
Kp,mi
, such that
D˜(1 −X · Frobv) = 1− T1,vX + T2,vX
2 − · · ·+ (−1)2n+1Tn,vX
2n+1.
Proof. This follows from the existence of determinants with the required property
valued in TKpKp,k,mi (constructed from the Galois representations associated to
classical cuspforms on G0), and T
cl
Kp,mi
= lim
←−k,Kp
TKpKp,k,mi . 
The proposition shows that TclKp,mi receives a surjection from a Galois pseudo-
deformation ring, and hence it is complete local Noetherian.
Now let T1 := Im
(
TKp,mi → T
cl
Kp,mi
)
. Then T1 is a dense local subring of
TclKp,mi. This shows that T
cl
Kp,mi
is the completion of T1 with respect to the sequence
of ideals Jn = m
n
i T
cl
Kp,mi
∩ T1.
Lemma 2.5. There exists a surjection TclKp,mi ։ T˜Kp,mi(m) respecting Hecke op-
erators with the same name.
Proof. Let T2 := Im
(
TKp,mi → T˜Kp,mi(m)
)
. The proof of Theorem IV.3.1 of [Sch13]
shows that T2 is a quotient of T1 (we remark that, up to localization at mi, T2 is
called Tcl there). A Hecke operator in Jn acts as 0 on H
0(X∗KpKp , (ω
int
KpKp
)⊗k ⊗
I)mi/π
m (where X and ωint are as in loc.cit.) if n is large compared to k, Kp, m. It
then follows that Jn acts act as 0 on ⊕
2d
i=0H
i
c(XKpKp ,O/π
m) if n is large compared
to Kp and m. It follows that the the composition T1 ։ T2 →֒ T˜Kp(m)mi is conti-
nous for the toplogy defined by Jn, and thus induces a map T
cl
Kp,mi
։ T˜Kp,mi(m)
which is necessarily a surjection.

This fact together with Proposition 2.4 immediately gives the following, which
is roughly equivalent to Corollary V.1.11 of [Sch13].
Theorem 2.6. There is a continuous (2n+1)-dimensional determinant D˜ of GF,S
with values in T˜Kp(m), such that
D˜(1 −X · Frobv) = 1− T1,vX + T2,vX
2 − · · ·+ (−1)2n+1Tn,vX
2n+1.
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Corollary 2.7. T˜Kp(m) is a product of finitely many complete local Noetherian
rings.
3. The boundary of the Borel-Serre compactification
In this section, we go back to studying the locally symmetric spaces for general
linear groups. Assume that the levelK ⊂ GLn(AF,f ) is neat, which can be achieved
by increasing the level at p, as in the introduction. Let XBSK be the Borel-Serre
compactification of XK = X
GLn
K (suppressing the field F in the notation). This
is a real manifold with corners, which is a compactification of XK such that the
inclusion XK →֒ X
BS
K is a homotopy equivalence. We have the excision long exact
sequence for compactly supported cohomology:
· · · → Hic(XK , F¯p)→ H
i(XK , F¯p)→ H
i(XBSK \XK , F¯p)→ . . .
Theorem 2.6 allows us to understand Galois representations associated to systems
of Hecke eigenvalues which contribute to the interior cohomology Hi! (XK , F¯p). To
extend this to all systems of Hecke eigenvalues in Hi(XK , F¯p), we also need to
account for those systems of Hecke eigenvalues occurring in Hi(XBSK \ XK , F¯p).
In this subsection, we recall the geometry of the Borel-Serre and reductive Borel-
Serre compactifications and use induction to construct a determinant valued in (a
quotient of) the Hecke algebra acting on Hi(XBSK \XK , F¯p). We follow the original
construction in [BS73] as well as the exposition in [GHM94].
Note that the group ResF/QGLn has a non-trivial Q-split torus in its center. Let
H be the group
(0(ResF/QGLn))
0 :=
⋂
χ
kerχ,
where χ runs over all rationally defined characters of ResF/QGLn. The locally sym-
metric spaces XK can be identified with finitely many disjoint copies of generalized
locally symmetric spaces for the algebraic group H in the sense of [GHM94]. This
identification follows from the definition in [BS73] and Paragraph 3.4 of [GHM94].
The boundary of the Borel-Serre compactification of XK has a stratification which
runs over finitely many conjugacy classes of rational parabolic subgroups PH ⊆ H .
Every rational parabolic subgroup PH ⊆ H has a decomposition PH = LHUH ,
where LH is the Levi quotient and UH is the unipotent radical of PH . Let
MH =
0 (LH) :=
⋂
χ
kerχ2,
where χ runs over all rationally defined characters of LH . The group of real
points of every rational parabolic subgroup PH ⊆ H has a Langlands decompo-
sition PH(R) = MH(R)AH(R)UH(R). Now we can describe the stratification of
the Borel-Serre compactification more precisely: the stratum corresponding to a
parabolic subgroup PH can be identified with the locally symmetric space:
XPH := PH(Q)\
(
PH(Af )/K
PH
f × PH(R)/AH(R)K
PH
∞
)
where KPHf := K ∩ PH(Af ) ⊂ PH(Af ) is a compact open subgroup and K
PH
∞ ⊂
MH(R) is a maximal compact subgroup. This space is a nilmanifold bundle over
the locally symmetric space associated to the Levi quotient LH of PH
XLH := LH(Q)\
(
LH(Af )/K
L
f × LH(R)/AH(R)K
PH
∞
)
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where KLf ⊂ LH(Af ) is the image of K
PH
f under the projection PH(Af )→ LH(Af )
and is a compact open subgroup. The fibers of this nilmanifold bundle are isomor-
phic to (UH(Q) ∩ K
PH
f )\UH(R), as in the proof of Lemma V.2.2 of [Sch13]. We
note that XL
KL
f
can be identified with a locally symmetric space for the connected
component of the identity in MH , in the sense of (7.2.2) of [GHM94] (we can go
to the connected component of the identity since KPH∞ ⊂ MH(R) is a maximal
compact subgroup).
We now reinterpret XLH as a product of generalized locally symmetric spaces.
Each parabolic subgroup PH ⊂ H is the intersection with H of a parabolic sub-
group P of ResF/QGLn. Assume that P has Levi quotient isomorphic to L :=∏
iResF/QGLni , with
∑
i ni = n. From the definition of the locally symmetric
space XLH , we see that
XLH ≃ L(Q)\
(
L(Af)/K
L
f × L(R)/AL(R)KL
)
,
where KL ⊂ L(R) is a maximal compact subgroup.
Moreover, the latter obviously decomposes as a product of locally symmetric
spaces associated to the ResF/QGLni . Therefore, we can compute the compactly
supported cohomology of a stratum corresponding to P using the Leray-Serre spec-
tral sequence of a fibration and the Kunneth formula for compactly supported
cohomology.
For ResF/QP running over Q-conjugacy classes of maximal parabolic subgroups
of ResF/QGLn, denote the corresponding stratum by X
P
KP
f
. We have an open im-
mersion XP
KP
f
→֒ XBSK \XK , which leads to the long exact sequence for cohomology
with compact support
· · · → Hic(X
P
KP
f
, F¯p)→ H
i(XBSK \XK , F¯p)→ H
i(XBSK \ (XK ∩X
P
KP
f
), F¯p)→ . . . .
Thus Hi(XBSK \XK , F¯p) is an extension between subquotients of H
i
c(X
P
KP
f
, F¯p) and
Hi(XBSK \ (XK ∩X
P
KP
f
), F¯p). After removing the strata corresponding to all maxi-
mal parabolic subgroups this way, we can continue this process for smaller parabolic
subgroups. The corresponding stratum will be open in what is left of the boundary
and we can iterate the process above. We see that Hi(XBSK \XK , F¯p) has a filtration
whose graded pieces are subquotients of Hic(X
P
KP
f
, F¯p) where P runs through conju-
gacy classes of rational parabolic subgroups ResF/QP of ResF/QGLn. Furthermore,
the length of the filtration depends only on G and not on K.
Let π : XP
KP
f
→ XL
KL
f
be the projection map. It is proper. The Leray spectral
sequence tells us that
Ei,j2 := H
i
c(X
L
KL
f
, Rjπ∗F¯p) =⇒ H
i+j
c (X
P
KP
f
, F¯p).
Therefore, Hi+jc (X
P
KP
f
, F¯p) has a filtration whose graded pieces are subquotients of
Hic(X
L
KL
f
, Rjπ∗F¯p), and whose length is bounded in terms of G.
Let TPF,S := Zp[P (A
S
F )//K
P,S] and TLF,S := Zp[L(A
S
F )//K
L,S]. We have maps
TF,S → T
P
F,S by restriction and T
P
F,S → T
L
F,S by integration along unipotent fibres.
The composite is the unnormalized Satake transform. We obtain the following
lemma, which is an analogue of Lemma V.2.3 of [Sch13].
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Lemma 3.1. The Leray spectral sequence
Ei,j2 = H
i
c(X
L
KL
f
, Rjπ∗F¯p) =⇒ H
i+j
c (X
P
KP
f
, F¯p)
is equivariant for the action of TF,S given by unnormalized Satake composed with
the action of TLF,S on the E2-page and by the natural action (via restriction to T
P
F,S)
on Hi+jc (X
P
KP
f
, F¯p).
Proof. It suffices to check that the action of a Hecke corrsepondence t ∈ TG,S on
XP
KP
f
is compatible with the action of its unnormalized Satake transform on XL
KL
f
via the natural projection π : XP
KP
f
→ XL
KL
f
. This statement can be checked at
the level of points. Let l /∈ S and t is the characteristic function of G(Zl)hG(Zl).
Put P (Zl)hP (Zl) =
∐
hiP (Zl), so that t acts as [g] 7→
∑
[ghi] on X
P
KP
f
. Now if
P (Zl)hP (Zl) =
∐
uiN(Ql)P (Zl) =
∐
uiL(Zl)U(Ql), then π(hi) = π(hj) iff hi and
hj belong to the same right L(Zl)U(Ql) = U(Ql)P (Zl)-coset. Thus the number
of hi whose projection to L are in the same right L(Zl)-coset is exactly given by
integrating t along U(Ql). 
The sheavesRjπ∗F¯p encode the cohomology of the nilmanifold (UH(Q)∩K
P
f )\UH(R).
As in Lemma 1.9 of [HLTT13], we see that Rjπ∗F¯p can be identified with the local
system corresponding to the algebraic representation of ResF/QL given by
∧j
( ⊕
τ :F →֒R
(⊕
k<l
Stdnk ⊗ Std
−1
nl
))
,
where nk, nl correspond to blocks in the Levi subgroup L and Stdn is the standard
representation of GLn(OF ) on an (F¯p)
n. (The formula above comes from the fact
that the action of ResF/QL on UH(R) is the adjoint action.) If the level Kp at p is
sufficiently small (depending only on P and L), the local system Rjπ∗F¯p is trivial. If
this is the case, the Kunneth formula for compactly supported cohomology (which
applies because the spaces we consider are manifolds) expresses the Ei,j2 terms
in terms of tensor products of Hac (X
GLnb
K , F¯p). In general, we can always find
a normal subgroup K ′ of K which is sufficiently small, and the Hochshild-Serre
spectral sequence shows that Hic(X
L
KL
f
, Rjπ∗F¯p) has a filtration whose graded pieces
are subquotients of (direct sums of) Ha(K/K ′, Hbc (X
L
K′L
f
, F¯p)). The length of the
filtration is bounded in terms of G, and the spectral sequence is equivariant with
respect to TLF,S .
The following summarizes the discussion in this section:
Proposition 3.2. Hi(XBSK \ XK , F¯p) admits a filtration by TF,S-modules whose
graded pieces are modules for the quotients of TF,S acting on H
i
c(X
L
KL
, F¯p), where
TF,S acts via the unnormalized Satake transform TF,S → T
L
F,S and L is a rational
Levi subgroup. The length of this filtration is bounded in terms of G only.
Remark 3.3. The Proposition continues to hold (with exactly the same argument) if
we replace cohomology with F¯p-coefficient by cohomology with O/π
m-coefficients,
where O is a sufficiently large finite extension of Zp (for example, its fraction field
containing all the images of embeddings F →֒ Q¯p is large enough).
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4. The image of complex conjugation
The group G0 = ResF/QSp2n contains the group ResF/QGLn as a maximal
Levi, therefore the interior cohomology of the locally symmetric space for G =
ResF/QGLn contributes to the boundary cohomology of the locally symmetric space
for G0. Therefore, one can use Theorem 2.6 to obtain a determinant valued in the
Hecke algebra acting on the interior cohomology of the locally symmetric space for
G. This is not yet the determinant for Galois representations associated to G, but
rather involves a functorial transfer from G to G0.
More precisely, let TF,S(K, i,m) := Im(T
G
F,S → EndO/πm(H
i
! (X
GLn
K ,O/π
m))),
where O is a finite extension of Zp and π a uniformizer. Let
Pv(X) := 1− q
(n+1)/2
v T
GLn
1,v + · · ·+ (−1)
nqn(n+1)/2v T
GLn
n,v X
n
and P∨v (X) be the polynomial with constant coefficient 1 which is a scalar multiple
of Pv(1/X). The following is one of the main results in [Sch13], proved in Corollary
V.2.6 and Theorem V.3.1.
Theorem 4.1. There exists a nilpotent ideal I ⊂ TF,S(K, i,m) with nilpotency
index bounded only in terms of G and are continuous 2n + 1- and n-dimensional
determinant D˜, D of GF,S valued in TF,S(K, i,m)/I and such that
D˜(1−X · Frobv) = (1−X)Pv(X)P
∨
v (X)
D(1−X · Frobv) = Pv(X)
for all places v 6∈ S. The same statement holds for the Hecke algebra acting on
Hic(X
GLn
K ,O/π
m) and Hi(XGLnK ,O/π
m)
Remark 4.2. Let TG0K,k be the quotient of the Hecke algebra of which acts on the
space H0(XG0∗K , ω
⊗k
K ⊗ I) of classical cuspforms for G0 (see the notation in Sec-
tion 2, which match with those in [Sch13] section V.1). The determinant D˜ for
interior cohomology is obtained by gluing determinants of the type constructed in
Theorem 2.6, which is glued from determinants valued in TG0K,k. Therefore, if all
such determinants satisfy a certain identity, so will D˜. We will apply this obser-
vation to compute the coefficient of X in D˜(1 −X · c) and hence in D(1 −X · c),
where c ∈ GF,S is a choice of complex conjugation.
We can compute the characteristic polynomial of any complex conjugation in
the determinants on TG0K,k by the following:
Lemma 4.3. Let k > n, x ∈ SpecTG0K,k(Q¯p), let σx : GF,S → GL2n+1(Qp) be the
Galois representation whose Frobenius eigenvalues match the Satake parameters
determined by x at places not in S. Then for any complex conjugation c
tr(σx)(c) = ±1
Thus the characteristic polynomial of c is either (1−X)n(1+X)n+1 or (1+X)n(1−
X)n+1.
Proof. By the proof of Corollary V.1.7 of [Sch13], the cuspidal automorphic rep-
resentation associated to x determines cuspidal automorphic representations Πi of
GLni for i = 1, . . . ,m and integers l1, . . . , lm such that
• l1n1 + · · ·+ lmnm = 2n+ 1
• each Πi is self-dual
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• each Πi| · |
2n+1−li is regular L-algebraic
• the infinitesimal characters associated to Πi| · |
(li−1)/2, . . . ,Πi, . . . ,Π
(1−li)/2
i
with i = 1, . . . ,m form the multiset {k − 1, . . . , k − n, 0, n− k, . . . , 1− k}.
• the Galois representation associated to x satisfies
σx =
m⊕
i=1
(
σi ⊕ σiχ
−1
p ⊕ · · · ⊕ σiχ
⊗(1−li)
p
)
,
where σi is the Galois representation associated to the regular L-algebraic
cuspidal automorphic representation Πi| · |
(1−li)/2 and χ−1p is the p-adic
cyclotomic character (and also the Galois representation associated to the
absolute value | · | by our normalization of class field theory).
(This is where we make use of the results of [Art13].)
We note that if li is even, the trace of c on σi ⊕ . . . σiχ
⊗(1−li)
p is equal to 0. If li
is odd, then Πi| · |
(li−1)/2) is essentialy self-dual, with even multiplier character, so
by [Ta], the trace of c on σi is 0 if ni is even and ±1 if ni is odd. Therefore, the
trace of c on σi ⊕ · · · ⊕ σ
iχ
⊗(1−li)
p is 0 if ni is even and ±1 if ni is odd.
We now show that there is at most one i for which both ni and li are odd.
Indeed, Πi is conjugate self-dual, so the multiset of infinitesimal characters of Πi| ·
|(li−1)/2, . . . ,Πi, . . . ,Πi| · |
(1−li)/2 is symmetric about 0. If both ni and li are odd,
this multiset contains an odd number of elements, so it must contain 0. But from
above, we see that 0 can appear only once, so nili is odd for at most one Πi.
Since 2n + 1 is odd, we see that nili is odd for exactly one Πi and, therefore,
tr(σx)(c) = ±1.

Proposition 4.4. Let ψ be a system of Hecke eigenvalues which occurs in the
interior cohomology Hi! (XK , F¯p). Let σψ be the Galois representation associated
to the determinant D in Theorem 4.1 specialized to ψ. Then σψ(c) has +1 as an
eigenvalue with multiplicity ⌈n−12 ⌉ and −1 as an eigenvalue with multiplicity ⌊
n+1
2 ⌋.
Proof. It suffices to consider the case p > 2, as the assertion is empty when p = 2.
This follows from Lemma 4.3 and the construction of the determinant with the
additional observation that the the determinant D˜ specialized at ψ gives rise to the
Galois representation 1⊕σψ⊕ (σψ)
∨. This observation follows from the polynomial
identity D˜(1 − X · Frobv) = (1 −X)Pv(X)P
∨
v (X) appearing in Theorem 4.1 and
from the fact that σψ is the Galois representation associated to the specialization
at ψ of a determinant which matches Pv(X) at almost all places.
Now Remark 4.2 and Lemma 4.3 tell us that, if 1 is an eigenvalue of σψ(c) with
multiplicity a and −1 is an eigenvalue of σψ(c) with multiplicity b, then
(1 −X)2a+1(1 +X)2b = (1 ±X)n(1∓X)n+1.
Considering the cases n even and n odd separately gives the desired result.

Theorem 4.5. Let ψ be a system of Hecke eigenvalues which occurs in Hic(XK , F¯p).
Let σψ be the Galois representation associated to ψ. Then tr(σψ)(c) is equal to 0 if
n is even and to −1 if n is odd.
Proof. We prove this by induction on n. Note that the case n = 1 is obvious,
since the locally symmetric space in this case is compact so Proposition 4.4 applies.
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Assume that the theorem holds for all n′ < n. If ψ occurs in interior cohomology,
we are done by Proposition 4.4. If not, then ψ occurs in the cohomology of the
boundary of the Borel-Serre compactification of XK . By Proposition 3.2, it is
enough to show that for any Levi subgroup L the determinant DL associated to
Hic(X
L
KL
f
, F¯p) gives rise to Galois representations for which the trace of complex
conjugation satisfies the conditions of the theorem.
Assume that L =
∏k
i=1GLni(F ). Then DL is obtained by taking the direct
product of the determinants associated to the locally symmetric spaces for GLni(F )
(where we mean the connected locally symmetric spaces), each of these appropri-
ately twisted by powers of the cyclotomic character. The reason for the twists is
that the action of TF,S is compatible with the action of T
L
F,S via the unnormalized
Satake transform, as shown in Lemma 3.1. Explicitly, for a place v of F not in S,
the unnormalized Satake transform is the map
Zp[T
±1
1 , . . . T
±1
n ]
Sn →
k∏
i=1
Zp[q
1/2
v ][(T
i
1)
±1, . . . (T ini)
±1]Sni ,
where
Tj 7→ q
−(n1+···+ni−1)/2+(ni+1+···+nk)/2
v T
i
ji ,
with i and ji uniquely determined by 1 ≤ j ≤ n. Since the normalized Sa-
take transform is compatible with local Langlands up to q
(n(i)+1)/2
v , we get that
DL =
∏k
i=1Di(χ
ni+1+···+nk
p ), where χp is the p-adic cyclotomic character and Di
is the determinant associated to the locally symmetric space for GLni(F ). By the
induction hypothesis, the characteristic polynomial of complex conjugation on each
Di satisfies the conditions of the theorem. Noting that the cyclotomic character is
odd, we see that the sign of the contribution from the successive Di switches every
time an odd-dimensional determinant contributes to the sum. Therefore, DL also
satisfies the conditions of the theorem.

The above theorem determines the conjugacy class of complex conjugation in σψ
for p odd. To prove the analogous statement for characteristic 0 system of Hecke
eigenvalues, we need to have a version of the above theorem for cohomology with
O/πm-coefficients.
Proposition 4.6. Let ψ : TF,S → O/π
mO be a system of Hecke eigenvalue factor-
ing through the Hecke algebra quotient acting on Hic(X
GLn
K ,O/π
m). There exists
an integer N0 depending only on G such that the determinant D in Theorem 4.1
specializes to ψ˜ = ψ mod π⌊m/N0⌋−ordpi(4), and Dψ˜(1 − X · c) = 1 − tr(c)X + · · ·
with trc = 0 if n is even and tr(c) = −1 if n is odd.
Proof. The existence of the specialization to ψ˜ mod π⌊m/N0⌋ follows from the fact
that the image ψ(I) is nilpotent with nilpotency index bounded by that of the ideal
I. Lemma 4.3 shows that the identity
(2tr(σψ)(c) + 1)
2 = 1
holds for the determinant on interior cohomology. By Proposition 3.2 and an in-
duction on n, the identity holds for the determinant on the Borel-Serre boundary
of XGK , hence it holds for the determinant on H
i
c(X
G
K ,O/π
m). Specializing via ψ˜
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gives the identity 4tr(c)(tr(c) + 1) = 0 in O/π⌊m/N0⌋. By the same argument as in
Theorem 4.5 either tr(c) or tr(c) + 1 is a unit, depending on the parity of n. 
Corollary 4.7. Let ψ the system of Hecke eigenvalues of a regular algebraic cusp
forms on GLn /F , with associated (p-adic) Galois representation σψ. Then trσψ(c) ∈
{0,±1}.
Proof. It suffices to compute trσψ(c) in the case ψ occurs in H
i
c(X
G
K ,O), where we
enlarge O to define σψ over it. Applying the above Proposition to ψ mod π
m gives
trσψ(c) mod π
⌊m/N0⌋−ordpi(4) ∈ {0,−1}. (Since we’re looking at XGK , we know that
the trace lies in {0,−1} rather than {0,±1}.) Letting m→∞ gives the result. 
Remark 4.8. The corollary completely determines the conjugacy class of σψ(c). In
general, for systems of Hecke eigenvalues mod πm, one can refine Proposition 4.6
to compute the entire characteristic polynomial of c modulo a smaller power of π.
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